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We present a theoretical scheme to simulate quantum field theory in a discrete curved spacetime based on
the Bose-Hubbard model describing a Bose-Einstein condensate trapped inside an optical lattice. Using the
Bose-Hubbard Hamiltonian, we first introduce a hydrodynamic presentation of the system evolution in discrete
space. We then show that the phase (density) fluctuations of the trapped bosons inside an optical lattice in the
superfluid (Mott insulator) state obey the Klein-Gordon equation for a massless scalar field propagating in a
discrete curved spacetime. We derive the effective metrics associated with the superfluid and Mott-insulator
phases and, in particular, we find that in the superfluid phase the metric exhibits a singularity which can be
considered as a the manifestation of an analog acoustic black hole. The proposed approach is found to provide a
suitable platform for quantum simulation of various spacetime metrics through adjusting the system parameters.
I. INTRODUCTION
Two celebrated theories of the modern physics are the gen-
eral theory of relativity (GTR) and the quantum field theory
(QFT). GTR unifies the special theory of relativity and the
gravity and it evolves our understanding of the universe around
us by providing a geometric interpretation of gravitation. It has
some magnificent predictions such as light deflection by grav-
ity, gravitational waves, and black holes [1]. On the other hand,
QFT which combines the elements of quantum mechanics and
the special theory of relativity, theoretically describes the in-
teractions of the fundamental forces and subatomic particles.
QFT in the curved spacetime leads to fascinating predictions
such as particle production by the time-dependent gravitational
fields, or by the time-independent gravitational fields that con-
tain horizons [2]. QFT in the curved spacetime is regarded as
the first approximation to the quantum gravity.
Even for the small values of spacetime curvature, experi-
mental observation of the predictions of QFT in the curved
spacetime seems to be impossible. To examine such predic-
tions, one can employ the notion of quantum simulation (see
[3] and references therein). Various analog models have been
proposed as the simulators for these theories [4–8]. These
analog models provide accessible experimental models for
quantum field theory in curved space-time. Some proper-
ties (mainly kinematic) of GTR can be investigated by the
analogies with accessible physical systems [4–7].
The impressive experimental progress in quantum optics,
in particular, manipulating and controlling atomic ensembles
and the electromagnetic field have opened a route towards the
accumulation of the boson particles into the lowest-energy
single-particle state, i.e, the formation of BEC [9]. Since their
first experimental realization in alkalis [10, 11], Bose-Einstein
condensates (BECs) have been investigated extensively from
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both theoretical and experimental points of view [9]. Several
aspects of the GTR and QFT have been analyzed by analogy
with a BEC [12–22]. The phononic perturbations in a BEC
satisfy the Klein-Gordon equation in a curved spacetime and
the corresponding metric possesses a singularity which can be
regarded as an acoustic analog black hole. Therefore, BECs
offer a unique opportunity to explore the basic principles of
QFT in the curved spacetime.
By superimposing two or three orthogonal propagating laser
beams a spatially periodic pattern is formed. The resulting
periodic potential can be used to confine neutral atoms via
the Stark shift. Loading ultracold atomic gasses into optical
lattices has opened a promising route oriented towards the in-
vestigation of strongly correlated quantummany-body systems
[23–26]. There is a close analogy between ultracold atomic
gasses inside light-induced periodic potentials and electrons in
crystal lattices. The nonlinear atom-atom interactions are re-
sponsible for the collective fluid-like behavior in BEC [9, 23].
Understanding quantum phase transitions and their underlying
physics is one of the goals of many-body physics. Super-
fluid to Mott insulator phase transition, first experimentally
reported in Ref. [27], is the most famous example of such
phase transitions at zero temperature. The high flexibility and
tunability of optical lattices and the condensate provide us a
unique opportunity to explore the quantum phase transition
[27]. Long decoherence time (of the order of seconds) makes
the trapped bosonic atoms in an optical lattice to be a good
candidate for the applications of quantum simulations [24].
The dynamics of ultracold bosonic atoms in an optical lattice
is effectively described by a discrete Bose-Hubbard Hamilto-
nian [23, 24, 28, 29], which describes the tunneling of trapped
atoms between the lowest vibrational states of the optical lat-
tice.
Discrete Hamiltonians mainly arising in solid state physics
have a great ability to be employed as quantum simulators to
investigate QFT on lattice [30–34]. Regardless of the elegance
of treating the problems in a discrete spacetime, it has a num-
ber of advantages; i) the continuum spacetime can be viewed
as the limit of discrete spacetime as the lattice spacing tends
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2to zero; ii) the direct connection to the statistical physics is
more obvious. iii) renormalization, scaling, universality, and
the role of topology is more apparent in the discrete space-
time; iv) in numerical simulations on a computer, we always
approximate the evolution of a continuous field by its finite
difference in a discrete space [35]. In this regard, dealing with
a discrete geometry may be more beneficial. Electrons in a
sheet of graphene have a dynamics analogous to the quantum
field propagating in a discrete space [34]. The effect of curva-
ture on the current flow lines in elastically deformed graphene
sheets has been studied in [36]. The Dirac Hamiltonian de-
scribing electrons and positrons moving in an external field
has been simulated by ultracold atoms in bichromatic optical
lattices [33].
Inspired by the existing studies on the analogy between the
Bose-Hubbard model and a trapped BEC in an optical lattice,
and also motivated by the analogy between curved spacetimes
and BECs, in the present contribution, by applying the discrete
differential geometry, we investigate the analog spacetime cor-
responding to the phase/density fluctuations of a trapped BEC
in an optical lattice based on the Bose-Hubbard model. The
discrete geometric formulation of the quantum fields is of a
great significance to understand the quantum phase transitions
occurring in the system. To explore the dynamics of the sys-
tem, by applying the mean-field approximation, we first derive
the discrete equations of motion for the mean field plus fluctu-
ations and then, by using the density-phase representation, we
obtain the dynamics of the density as well as the phase fluctu-
ations. In superfluid phase within the hydrodynamic limit, the
phase fluctuations of the quantum field are found to obey the
covariant Klein-Gordon equation for a massless scalar field
propagating in a curved discrete spacetime with a specified
metric. From the point of view of quantum phase transition,
the two different phases occurring in the system, i.e., the su-
perfluid and the Mott-insulator phases can be distinguished
by their corresponding effective metrics for phase and den-
sity fluctuations, respectively. In addition, various effective
metrics can be simulated by adjusting the system parameters.
II. DYNAMICS OF THE SYSTEM
We consider an interacting ultracold gas of bosonic atoms
trapped in a simple cubic lattice optical lattice. The system is
effectively described by the Bose-Hubbard Hamiltonian [29]
Hˆ = −
∑
〈lmn;l′n′m′〉
Jbˆ†
lmn
bˆl′n′m′ +
U
2
∑
lmn
nˆlmn (nˆlmn − 1) − µ
∑
lmn
nˆlmn.(1)
Here 〈lmn; l ′n′m′〉 stands for the nearest-neighbor sites, bˆ†
nlm
and bˆnlm are, respectively, the creation and annihilation op-
erators for a bosonic atom at lattice site (n, l,m) obeying
the commutation relation [bˆnlm, bˆ†n′l′m′] = δn,n′δm,m′δl,l′ , and
nˆnlm = bˆ
†
nlm
bˆnlm is the number operator for site (n, l,m).
Moreover, J, µ and U are the tunneling rate between adjacent
sites, the chemical potential, and the strength of the on-site
interaction, respectively given by
J = −
∫
d3rw∗(r−rnlm)
[
− 1
2M
∇2+Vlat(r)
]
w(r−rkmn) ,
(2)
µ = −
∫
d3rVext(r) |w(r − rnlm)|2 , (3)
U = G
∫
d3r|w(r − rnlm)|4 , (4)
wherew(r−rnlm) are theWannier functions in the lowest Bloch
band. Moreover, Vlat(r) and Vext(r) are the lattice periodic
potential and the external trapping potential, respectively. G =
4pias/M is the strength of the interactions between different
atoms in the BEC determined by the s-wave scattering length
as and the atomic mass M . The attractive (repulsive) on-
site interaction corresponds to U < 0 ( U > 0). In what
follows we limit ourselves to considering repulsive atom-atom
interaction. Although, here we consider the Bose-Hubbard
Hamiltonian for trapped atoms in an optical lattice, but we
should notice that the Bose-Hubbard model can be employed
to describe some other physical systems such as the systems
of strongly interacting photons (for recent reviews see e.g.,
[37, 38]) and coupled optomechanical systems [39].
The Heisenberg equation of motion for the field operator
reads
∂t bˆlmn= iJ(bˆl−1,mn+bˆl+1,mn+bˆlm−1,n+bˆlm+1,n+bˆlm,n−1+bˆlmn+1)
− iU
2
(bˆlmnnˆlmn + nˆlmn bˆlmn − bˆlmn) + iµbˆlmn. (5)
The key concept for the derivation of the curved spacetime on
lattice is the central finite differences defined by
fl±1,m,n = fl,m,n ± a∆x fl,m,n + a
2
2
∆2x fl,m,n + . . . (6)
fl,m±1,n = fl,m,n ± a∆y fl,m,n + a
2
2
∆2y fl,m,n + . . . (7)
fl,m,n±1 = fl,m,n ± a∆z fl,m,n + a
2
2
∆2z fl,m,n + . . . (8)
where a is the lattice spacing. Using definitions (6–8) and (7)
and neglecting terms containing higher orders of O(a2), we
can write
∆2x flmn =
1
a2
( fl+1,m,n + fl−1,mn − 2 flmn), (9)
∆2y flmn =
1
a2
( fl,m+1,n + fl,m−1,n − 2 flmn), (10)
∆2z flmn =
1
a2
( fl,m,n+1 + fl,m,n−1 − 2 flmn), (11)
Using definitions (9–11), we can write Eq. (5) as
∂t bˆj = iJ(a2∆2bˆj +6bˆj)− iU2 (bˆj nˆj + nˆj bˆj − bˆj)+ iµbˆj , (12)
where we have defined ∆2 ≡ ∆2x + ∆2y + ∆2z . Hereafter, the
indexes (l,m, n) denoting the spatial dependence of the field
3operator is replaced by j for conciseness of notation. Eq. (12)
represents a discrete version of the Gross-Pitaevskii equation
with an effective mass meff = (2Ja2)−1 describing the trapped
atoms in the optical lattice. The effective mass can be con-
trolled by manipulating the lattice depth. In contrast to the
small value of J which leads to the large mass, a large value
of J provides the atoms a small mass so that they can move
freely.
Within the framework of the mean-field approximation the
operator bˆj can be decomposed into its mean value, bj = 〈bˆj〉,
and a fluctuation component, δbˆj , with zero mean value
bˆj = bj + χˆj = bj(1 + δbˆj), (13)
where, for subsequent mathematical convenience, we have set
χˆj = bjδbˆj with 〈δbˆj〉 = 0. At zero temperature the fluctu-
ations are essentially due to the quantum noise and at finite
temperature, the thermal noise may also be relevant. By in-
serting Eq. (13) in Eq. (12), one may obtain the equations of
motion for the mean field and the fluctuation operator which
satisfy, respectively
∂tbj = iJ(a2∆2bj + 6bj) − i
Ubj
2
(2nj − 1) + iµbj , (14)
∂tδbˆj = iJa2
[
∆2δbˆj+2
∆bj
bj
∆δbˆj
]
−iUnj(δbˆj+δbˆ†j ) . (15)
Equation (15) is analogous to the Bogoliubov-de Gennes equa-
tion describing the dynamics of fluctuations in BEC [9].
III. DENSITY-PHASE REPRESENTATION AND THE
EFFECTIVE METRIC FOR THE FLUCTUATIONS
In order to get a clear physical insight into Eqs. (14) and
(15) we express the atomic operator bˆj in the density-phase
representation, namely
bˆj =
√
nˆj exp(iφˆ j) (16)
where nˆj and φˆ j denote the amplitude and the phase of the
atomic operator, respectively. We should notice that, some
issues arise due to the controversial nature of the quantum
phase operator. In principle, one could write the quantum field
operator as Eq (16), as long as nj = 〈nˆj〉  1. In the limit
of large nj , the local number fluctuation and phase operators
are conjugate variables and the Bose-Hubbard Hamiltonian
is analogous to the quantum rotor model [40]. Using a self-
consistent mean-field expansion for large filling factor, one
can investigate the time evolution of quantum fluctuations in
the Bose-Hubbard model [41]. In other words the present
model will be valid at large filling factor. One can easily relate
the usual decomposition of the atomic operator in linearized
regime to the amplitude and phase fluctuations denoted by δnˆj
and δφˆ j , respectively
bj =
√
nj exp(iφ j), δbˆj = iδφˆ j + δnˆj/2nj . (17)
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FIG. 1. (Color online). Schematic illustration of the atoms over
optical lattice sites: (top) superfluid and (bottom) Mott insulator
states. The phase transition from superfluid to Mott insulator is
achieved by increasing the lattice depth.
Substituting these two expressions into Eqs. (14) and (15)
leads to the equations of motion for the mean density and the
mean phase
∂tnj + ∆.
(
njvj
)
= 0 , (18)
∂tφ j = −Ja2
[
(∆φ j)2 −
∆2nj
2nj
+
(∆nj)2
4n2j
]
+(6J+U/2+µ)−Unj,
(19)
wherewe have defined vj = 2Ja2∆φ j to be the local velocity of
the fluid. Equation (19) can be transformed into the following
equation
∂tvj + vj .∆vj = Ja2∆(µ + 6J +U/2 + VQ −Unj) , (20)
where VQ = J2(∆2√nj)/√nj is the so-called “quantum poten-
tial”. Equations (18) and (20) are the mass and momentum
conservation equations for the trapped bosons in optical lat-
tice, respectively. The equations of motion for the density
fluctuation and the phase fluctuation are obtained as
∂tδnˆj = −∆(vjδnˆj + 2Ja2nj∆δφˆ j), (21)
∂tδφˆ j = −vj∆δφˆ j −
c2j
2Ja2nj
δnˆj +
c2j
8Ja2nj
ξ2j ∆[nj∆(
δnˆj
nj
)],(22)
where cj = a
√
2JnjU and ξj = a
√
2J/(njU) are the local
speed of excitations and the so-called healing length, respec-
tively. In the limit of large filling factor nj , one can easily
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FIG. 2. (Color online). The generation of an acoustic black hole
in the analog spacetime in the superfluid state corresponding to the
metric of Eq. (29).
generalize the results of [40, 41] to a 3D optical lattice. There-
fore, the dispersion relation for waves with frequencyω(k) and
wavevector k = kx iˆ + ky jˆ + kz kˆ, is given by
ω
(
kx, ky, kz
)
=
∑
l=x,y,z
4njUJsin2
(
kla
2
)
+ 4J2sin4
(
kla
2
)
.
(23)
We notice that for |k|a << 1 it reduces to the well-known
Bogoliubov spectrum
ω
(
ki, k j, kk
)
=
∑
l=i, j,k
(
njUJa2 +
J2a4
4
k2l
)
k2l . (24)
In this paper, our goal is to simulate a continuum spacetime via
a discrete spacetime and therefore we focus our attention on
the case of long wavelength fluctuations (hydrodynamic limit).
Considering the Bogoliubov mean-field approximation for the
fluctuations of the weakly depleted condensate the excitation
spectrum given by Eq (23) becomes gapless.
A. Superfluid phase
It is well-known that the nature of many-body eigenstates
of the Bose-Hubbard Hamiltonian in Eq. (1) is dependent on
the ratio of the on-site interaction energy U to the tunneling
energy J. An experimental way for controlling this ratio is
based on the Feshbach resonances method [42] in which the
scattering length is controlled by an external magnetic field.
Alternatively, the dimensionless parameter U/J can be con-
trolled by manipulating the depth of the optical lattice [43].
The competition between minimizing the tunneling energy
and the on-site atom-atom interaction manifests itself as the
well-known superfluid-Mott insulator phase transition in the
ground state of the Bose-Hubbard model (Fig. (1)). In the
regime U/J  1 which corresponds to the superfluid phase,
atoms tend to accumulate in a single quantum state and delo-
calize over the entire lattice sites. The many-particle state of
the superfluid can be written as
|Ψ〉SF ∝
∏
j
αj〉 , (25)
i.e., the state vector at each site can be described as the Glauber
coherent state
αj〉. In the superfluid phase, in the hydrody-
namic approximation, i.e., in the regime where the character-
istic length of the spatial variations of the condensate density
is much larger than ξj the last term in Eq. (22) can be safely
ignored and thus we have
δnˆj ' −2Ja2nj
(
∂tδφˆ j + vj∆δφˆ j
) /c2j . (26)
Combining Eqs. (21) and (26) results in the following equation
for the phase fluctuations of the quantum field
− (∂t + ∆vj)
Ja2nj
c2j
(∂t + vj∆)δφˆ j + ∆Ja2nj∆δφˆ j = 0 . (27)
These fluctuations, within the hydrodynamic approximation,
are analogous to the collective quantum field on a curved
metric. Therefore, the phase fluctuations of the quantum field
obey the covariant Klein-Gordon equation for amassless scalar
field propagating in a curved discrete spacetime
δφˆ j =
1√−g∆µ(
√−ggµν∆νδφˆ j) = 0 , (28)
where gµν is the inverse curved spacetime metric and g is the
determinant of the metric gµν
gSFµν =
√
2nj Ja2/U
[
−
(
c2j − vj .vj
)
−vlj
−vmj δlm
]
. (29)
Here, the Greek summation indices range from 0 to 2 and
the indices (l,m) range from 1 to 2. The line element of this
spacetime is given by
∆s2 = gµν, j∆xµ∆xν
=
√
2nj Ja2
U
[−c2dt2+(∆xj−vjdt)(∆xj−vjdt)] . (30)
At the point cj = |vj | or, equivalently, when U/J =
2
(
φi+1 − φ j
)2/nj the metric of Eq. (29) exhibits a singularity.
Themeaning of singularities in fluid dynamics and general rel-
ativity has been discussed in [44]. We refer this condition as
an acoustic analog black hole (depicted in Fig. (2)). In such a
situation, the sound waves traveling with cj < |vj | are trapped
inside the supersonic region and they are not able to propagate
backward into the subsonic region. Since both sound and the
fluid velocity can be controlled by the lattice depth, one can
generate an analog black hole in the system. The generated
analog black hole is the turning point to the superfluid Lan-
dau instability [45]. For a homogeneous lattice ∆φ j = 0 or
equivalently vj = 0 the effective metric has the form
gHµν =
√
2nj Ja2/U
[ −c2j 0
0 δlm
]
, (31)
which is suitable for the simulation of various analog metrics
in the curved spacetime.
5B. Mott insulator phase
Starting from the superfluid phase (see Fig. (1)), one can
reach the Mott insulator phase by increasing the lattice depth.
The Mott insulator regime emerges when the tunneling energy
is much smaller than the on-site repulsion energy, i.e.,U/J 
1. In this regime, all atoms are completely localized over the
lattice [27]. The many-body state vector of the ground state
can be expressed as
|Ψ〉MI ∝
∏
j
nj〉 , (32)
where
nj〉 is the eigenstate of the number operator of particles
on the jth site, nˆj . As stated in the beginning of the section,
we consider large filling factor nj  1 for the Mott insulator
regime. Rewriting Eq. (22) in terms of J and U leads to
∂tδφˆ j = Ja2
[
−2∆φ j∆δφˆ j + 12nj ∆[nj∆(
δnˆj
nj
)]
]
−Uδnˆj, (33)
In the Mott insulator regime, U  J, one can neglect the first
term in Eq (33), approximately and thus
∂tδφˆ j = −Uδnˆj, (34)
By performing the time derivative on Eq. (21), and using
Eqs. (18), (19) and (34) we readily get
∂2t δnˆj = −2Ja2∆(δnˆj∆∂tφ j + ∆φ j∂tδnˆj + ∆δφˆ j∂tnj −Unj∆δnˆj),(35)
Assuming ∆nj  nj , and keeping only the last term in the
parentheses one has
∂2t δnˆj − ∆(c2j∆δnˆj) = 0, (36)
Thus, in this regime, the effective spacetime for the density
fluctuations is given by the metric gMIµν = gHµν
C. Realization of various metrics in the Bose-Hubbard model
Finally, we consider three other examples of the realization
of spacetime metrics. The fist example is the Friedmann-
Lemaître-Robertson-Walker (FLRW) metric [1, 2] which is an
exact solution of Einstein’s field equations of GTR which de-
scribes a homogeneous and isotropic universe on a surface of
constant time, but it is no longer static (time-dependent met-
ric). The FLRW metric corresponds to a spacetime geometry
defined by the line element
ds2FLRW = −c2dt2 + R2(t)
[
dx2 + dy2 + dz2
]
, (37)
where c is the speed of light and R(t) is the scale factor. With
properly modulating the tunneling energy J(t) = J0 exp(−Ht),
one can simulate FLRW metric with R(t) = exp(Ht/2) in
the superfluid phase. A modulated tunneling energy leads
to a time-dependent effective mass m (t) = (2J0a2)−1exp (Ht).
According to Eq. (2), one canmodulate the tunneling energy by
modulating the optical lattice (exponential modulation of the
tunneling energy was discussed in [41, 46]). The dependence
of the effective mass on time and space can be studied by
introducing the mass tensor (the details of the analysis is given
in ref. [14]). In the present case, the effective mass depends
only on time and hence the metric of Eq. (29) is generalized as
gSFµν =
√
2nj J0a2/U
[
−
(
c2j − vj .vj
)
−vlj
−vmj eHtδlm
]
. (38)
In the superfluid phase, for a homogeneous lattice the line
element can be written as
∆s2 =
√
2nj J0a2
U
[
−c2j dt2 + eHt
(
∆x2 + ∆y2 + ∆z2
) ]
.
(39)
As another example let us consider a homogeneous superfluid.
The metric of the corresponding spacetime is a Minkowski
metric given by
ηµν =
√
2nJa2/U
[ −c2 0
0 δlm
]
. (40)
In general the metric gµν can be decomposed into a flat metric
given by ηµν and a curved spacetime metric given by hµν .
A small deviation from homogeneity in the background field,
nj = n+εj , manifests itself as a curved spacetime in the metric
hµν given by
hµν =
√
Ja2/(2nU)εj
[ −3c2 0
0 δlm
]
. (41)
Therefore, one can obtain analog curved spacetime in the su-
perfluid phase by manipulating the background density. Again
one can also use the Mott insulator phase metric gMIµν to mimic
the curved space time. In other words, any inhomogeneity in
the background can be translated into the spacetime curvature.
As the third example, we discuss the generation and prop-
agation of analog gravitational radiation in the trapped atoms
inside an optical lattice. As in the previous example, we set hµν
to be a symmetric tensor field (with respect to the swapping
of its indices) defined on a flat Minkowski background space-
time. In this case, the tensor field can vary rapidly with time.
A 1D gravitational wave metric corresponds to a spacetime
geometry defined by the line element
ds2GW = −c2dt2 + (1 + h+(t))dx2, (42)
where h+ is a time-dependent function describing a gravita-
tional wave with + polarization. Choosing a modulated tun-
neling energy according to J(t) = J0(1 − + sin ν+t) where
+ is a small amplitude and ν+ is the frequency of the
modulation leads to a time-dependent effective mass m(t) '
(2J0a2)−1(1+ + sin ν+t). Therefore, the metric of Eq. (29) for
a homogeneous 1D lattice with a modulated tunneling energy
J(t) = J0(1 − + sin ν+t) can be written as
gSFµν =
√
2nj J0a2/U
[ −c2j 0
0 (1 + + sin ν+t)
]
. (43)
6Its corresponding line element can also be written as
∆s2 =
√
2nj J0a2
U
[
−c2j dt2 + (1 + + sin ν+t)∆x2
]
. (44)
which is the same as the line element given by (42) up to a
conformal factor.
IV. CONCLUSIONS
In summary, we have formulated quantum field theory in
discrete spacetime based on the Bose-Hubbard Hamiltonian
describing a trapped BEC in an optical lattice. The corre-
sponding phase fluctuations of the field operator can be well
described by the Klein-Gordon equation for amassless particle
propagating in a curved discrete spacetime. The superfluid and
theMott insulator phases are associatedwith two differentmet-
rics. If trapped atoms in an optical lattice act as a superfluid,
they must exhibit the known features of superfluids, including
their analogy to space-time geometries. The emergence of the
phase transition from the superfluid to Mott insulator depends
on the system parameters. In the Mott insulator phase, the
phase at each lattice site is random, so it only makes sense to
consider amplitude fluctuations. The amplitude fluctuations
also satisfy a space-time geometry, but it is quite obvious that
this geometry cannot couple space and time, since tunneling
is strongly suppressed in the Mott insulator. In addition, var-
ious analog metrics can be simulated by adjusting the system
parameters. The proposed approach provides a suitable plat-
form for quantum simulation of continuous quantum fields
in curved spacetimes by their counterparts in discrete space-
times. Moreover, the present study can be extended to some
other physical systems in which the Bose-Hubbard model is
realizable, such as strongly interacting photons [37, 38] and
coupled optomechanical systems [39].
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